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Abstract

Finite amplitude solitary waves of uniform depth which interact with a stationary point vortex are considered. Waves b
and without a submerged obstacle are computed. The method of solution is collocation of Bernoulli’s equation at a finite
of points on the free surface coupled with equations for equilibrium of a point vortex. The stream function and vortex loca
found by computing a conformal map of the flow domain to an infinite strip. For a given obstacle the solutions are para
with respect to Froude number and vortex circulation. When no obstacle is present there are two families of solutions,
which the amplitude of the wave increases by increasing the circulation, while in the other amplitude increases by decre
circulation. Beyond a certain critical Froude number the maximum amplitude wave has a sharp crest with an angle of 120
Similar behavior is observed for the flow past a submerged obstacle except that there is a critical Froude number below w
is no solution at all.
 2005 Elsevier SAS. All rights reserved.

Keywords: Vortex; Solitary wave

1. Introduction

We are concerned with free surface flow in an infinite channel with gravity taken into account, in which t
embedded a point vortex stationary with respect to the flow. The fluid is inviscid and incompressible and the
irrotational except at the point vortex. Far upstream and downstream the flow is uniform with constant dep
flows that we find are solitary waves with the same height and speed at infinity in both directions. We consid
flows over a flat bottom, which generalize the well-studied solitary waves of Russell and Stokes, [1–6] and flo
a submerged triangular obstacle which have been calculated by Dias and Vanden-Broeck [7] when there is n

The solution of this problem requires finding the location of a stationary vortex in a channel so that Ber
equation is satisfied with constant pressure on the free surface. For any trial surface (i.e. a candidate for
surface) the location of a stationary point vortex in equilibrium with the surface and the bottom of the cha
determined by using the Routh–Kirchhoff theory, [8,9], in conjunction with a conformal map between the flow d
and an infinite strip. This is done computationally by using the MATLAB package SCTOOLBOX of Driscoll
Bernoulli’s equation at a finite number of points on the free surface gives a system of equations which we th
by Newton’s method.

* Corresponding author.
E-mail address: elcrat@math.wichita.edu (A.R. Elcrat).
0997-7546/$ – see front matter 2005 Elsevier SAS. All rights reserved.
doi:10.1016/j.euromechflu.2005.09.001
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For flow without an obstacle there are two dimensionless parameters, the Froude number and the dime
circulationk of the vortex. We solve for the free surface and the location of the vortex. For values of the F
numberF greater than one there is a solution for allk, 0 < k � KF , where the maximal value depends onF . For
at least a certain portion of this range there are two solutions, one a perturbation of the trivial uniform flow
horizontal streamlines) for the given Froude number, and the other a generalization of the Russell solitary wa
two families of solutions come together whenk = KF . Solutions in the first family are properly ordered with resp
to amplitude in the sense that the amplitude of the wave increases with increasingk, while for the second family th
amplitude of the wave decreases with increasingk. We recall that for the classic (no vortex) solitary wave of maxim
amplitude, referred to as the Stokes wave, there is an angle of 120 degrees at the peak [2]. This wave has be
extensively and its Froude numberFS has been computed by several different methods. (See [4,11,5] and refe
therein.) We have found that forF > FS there is a value of the circulationk = K̃F < KF for which the amplitude is
maximal (among vortex solutions with the same Froude number) and this solution has a 120 degree angle a
ForF � FS the maximum amplitude occurs whenk = 0 at the classic Russell solution for the given Froude numb

For flow past an obstacle we locate the position of a stationary vortex behind the obstacle. Although o
putational method applies to any polygonal obstacle, in order to limit the number of parameters we have p
restricted our attention to isosceles right triangles, as in Dias and Vanden-Broeck [7]. For a fixed (dimens
triangle heightW the situation is similar to that described above for no obstacle except that there is a minimal
number> 1, depending onW , for which solutions exist, as found in [7]. The maximal circulation and the circula
of the maximum amplitude wave depend onW as well asF . We will refer to any solution with a 120 degree an
on the free surface as a Stokes solution, even if there is a vortex and/or an obstacle. There are three ind
parameters for the full problem,k, F andW and there is a two parameter family of Stokes solutions. The ran
parameters for which solutions exist will be discussed in more detail below. It should be noted that for large
numbers, starting at aboutF = 4.5, the maximal solutions become very steep (nearly vertical) and for larger F
numbers our method breaks down in attempting to reach either maximal circulation solutions or maximum am
solutions. At the end of Section 4 we consider, much more briefly, examples of flow past a semicircle and flo
more general polygonal obstacle.

Free surface flows with vorticity have been studied previously in other contexts. The effects of a submerg
vortex moving with constant speed on a free surface have been investigated. See [12, p. 489] for a review
obtained by linearization methods and Forbes [13] for a non-linear approach in the case of infinite depth. Fre
flows in which there is constant vorticity throughout the flow have been studied by Vanden-Broeck [14–16], V
Broeck and Tuck [17], Vanden-Broeck and Kang [18], and McCue and Forbes [19].

2. Formulation of the problem

The flow domain is depicted in Fig. 1. (In some cases the obstacle is not present.) The flow domainD is bounded
above by a free surfaceΓ , which is to be determined as part of the solution. At±∞ the height ofΓ is asymptotic to
H and the velocity isU . If v = v1 + iv2 is the velocity andψ is the stream function, we can writev̄ = 2i∂ψ/∂z where
z = x + iy and

∂ψ

∂z
= 1

2

(
∂ψ

∂x
− i

∂ψ

∂y

)
.

Fig. 1. A free surface wave in equilibrium with a vortex. The streamlines are dashed. The parameters for the flow shown are Froud
F = 2.5, circulationk = 6.8 and obstacle heightW = 0.4.
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We normalizeψ to be zero on the bottom;ψ is a positive constant onΓ which will be determined below. The non
linear boundary condition onΓ is given by Bernoulli’s equation. Assuming constant pressure on the free surfac
can be written as

|v|2 + 2gy = U2 + 2gH. (1)

It is useful to introduce dimensionless variables. We use the normalization used by Dias and Vanden-Broeck

V = v/(Qg)1/3, Y = y/(Q2/g)1/3

whereQ = UH is the flow rate. Then

|V |2 + 2Y = Ũ2 + 2H̃ , (2)

where

Ũ = U/(Qg)1/3, H̃ = H/(Q2/g)1/3.

The Froude number is given byF = U/
√

gH = Ũ/
√

H̃ . Circulationk is made dimensionless by dividing byUH .
We assume that these dimensionless variables have been introduced and return to our original notation

that in these dimensionless variables

UH = 1, F = H−3/2, (3)

so Bernoulli’s equation can be written

|v|2 + 2y = H−2 + 2H. (4)

Because of (3), for any given obstacle there are only two independent dimensionless parameters, the Froude nF

(or equivalently the dimensionless height at infinityH ), and the dimensionless circulationk of the vortex.
To determine the location of a stationary point vortex with circulationk in D, whether or not Bernoulli’s equation

satisfied onΓ , we use the Routh–Kirchhoff theory, which we now discuss. We refer to [8] and [9] for general d
of the theory and highlight those aspects that apply specifically to a channel-like domainD, for which a natura
parameter domain is an infinite strip. The position of a single vortex in equilibrium with the boundary ofD is at a
critical point of the Kirchhoff–Routh path functionW . W can be given explicitly in terms of a Green’s function

g(z,w) = − 1

2π
log|z − w| − h(z,w)

whereg is constant on each component of∂D andh is harmonic as a function ofz. Let R(z) = 1
2h(z, z). Then

W(z) = kη(z) + k2R(z) (5)

whereη is the stream function for flow inD without a vortex. Iff : D̃ → D is conformal, then

R(f (ζ )) = R̃(ζ ) − 1

4π
log

∣∣f ′(ζ )
∣∣ (6)

whereR̃ is determined from the Green’s functioñg for D̃ as above. IfD̃ = {ζ : 0 < Im ζ < Ho}, then g̃ can be
computed explicitly by using the mapζ �→ w = exp(πζ/Ho) from the strip to the upper half plane. Since

2πg̃(w1,w2) = −log|w1 − w2| + log|w1 − w̄2|
we obtain

R̃(ζ ) = − 1

4π
log

∣∣∣∣exp(πζ/Ho) − exp(πζ̄ /Ho)

(π/Ho)exp(πζ/Ho)

∣∣∣∣ = − 1

8π
log

(
2

π2

(
1− cos(2π Im ζ/Ho)

))
.

From (5) and (6) critical points ofW are solutions of

∂η̃ + k

(
∂R̃ − 1 f ′′(ζ )

′

)
= 0 (7)
∂ζ ∂ζ 8π f (ζ )
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where η̃(ζ ) = c Im ζ is the stream function for potential flow iñD. To determine the value ofc we assume tha
f (∞) = ∞, which implies that dζ/dz = Ho/H at infinity. The velocity is given by

v̄ = 2i
∂ψ

∂z
= 2i

∂ψ̃

∂ζ

dζ

dz
(8)

with ψ̃(ζ ) = c Im ζ − kg̃(ζ, ζo) and ζo the pre-image of the stationary point vortex (yet to be determined). S
∂g̃/∂ζ goes to 0 asζ goes to∞ in D̃, 2i∂ψ̃/∂ζ goes toc. HenceU = (Ho/H)c and by (3),c = 1/Ho.

The conformal mapf we use is a Schwarz–Christoffel map determined numerically as discussed in th
section. For an infinite strip the Schwarz–Christoffel map is given by

f ′(ζ ) = CΠ sinh
(
π(ζ − ζk)/2

)βk

whereπ(βk + 1) are the interior angles andζk the preimages of the vertices of the polygonal domain. There
f ′′(ζ )/f ′(ζ ) is a sum of terms of the formβk coth(π(ζ − ζk)/2)π/2, which can be computed readily sinceβk andζk

are determined by the numerical conformal mapping routine.
After computing the conformal map toD we can find a stationary point vortex location by solving (7), eithe

Newton’s method or some other numerical method. Once the locationzo = f (ζo) of a stationary vortex inD has been
determined, the velocity onΓ can be computed from (8). We then varyΓ iteratively to satisfy Bernoulli’s equatio
(4) as described in the next section.

3. Numerical implementation

We use a version of the Schwarz–Christoffel transformation to do the numerical conformal mapping par
computation. Specifically we use the MATLAB package SCTOOLBOX developed by Driscoll [10] in which th
an option of using the infinite strip̃D1 = {ζ : 0 < Im ζ < 1} as the parameter domain. While the bottom of the fl
domainD is polygonal, the free surfaceΓ is not. A mapping method which deals with smooth boundaries dire
might be preferable, but software for this is not available in the public domain, and the convenience and relia
SCTOOLBOX dictated our choice. One possibility is to use a polygonal approximation forΓ . However, an immediat
problem with this approach is that at the pre-image of a corner dz/dζ will be either 0 or undefined, and computi
the velocity term in Bernoulli’s equation by using (8) is problematic. We experimented with computing the v
at points between the corners. However, we found that the following modification is preferable.

We use SCTOOLBOX to map̃D1 onto a polygonal domain with the base ofD as the image of the real axi
We takeΓ to be the image of the horizontal line Imζ = Ho, Ho < 1. Γ is then an analytic curve. Forδ > 0, let
Ho = 1/(1 + δ). ThenH + δH is the height of the artificial polygonal channel at infinity. To define the polyg
strip in the physical domain one vertex far upstream and one vertex far downstream are fixed at heightH + δH . The
remainingn vertices on the upper boundary of the polygonal strip have fixedx-coordinates and varyingy-coordinates
which are the variables for our numerical algorithm. Pre-images of thesen vertices are at pointsξj + i on the upper
boundary ofD̃1. Images of the pointsξj + Hoi, j = 1, . . . , n, are then onΓ and Bernoulli’s equation (4) at thes
points are then equations which we solve numerically.

In cases where either there is no obstacle or wherek = 0, there is a left-right symmetry to the problem, so we
cut the number of variables nearly in half by imposing this symmetry.

For flow past an obstacle, especially for large values of the circulationk, the significant features of the flow mo
further to the right of the obstacle and it is inconvenient to keep thex-coordinates of the vertices fixed. Therefore
have modified the procedure, keeping the relative distance betweenx-coordinates fixed but taking thex-coordinate
xm of the maximum point onΓ to be an additional variable. The equation added to the system is then an equat
imposes a horizontal tangent line at the point onΓ with x-coordinatexm. This modification has the added advanta
that the maximum point on the free surface is computed (whereas with the original method it could be betw
vertices), allowing for more accurate calculation of the amplitude.

The above describes the method of discretization for all solutions except those of maximum amplitude, fo
there is an angle of 120 degrees at the peak. Stokes’ derivation that the maximum amplitude wave should ha
singularity, which can be found in [20] or [3], is equally valid when there is a vortex. To compute the singular so
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we have used a direct polygonal approximation, imposing Bernoulli’s equation at points between the vertice
the peak vertex(xm, ym) is a stagnation point, Bernoulli’s equation (4) implies

ym = 1

2
H−2 + H (9)

is determined. In the non-symmetric case we again takexm as a variable with the relative distance betwe
x-coordinates fixed. The two vertices adjacent to(xm, ym) are determined by imposing the 120 degree angle
actly. If n is the total number of vertices onΓ between the two vertices anchored at heightH far up and downstream
this leavesn − 3 heights to be determined along withxm. For this problem, givenH there is a solution for only on
valuek of the circulation. Sok is included as a variable as well and we impose Bernoulli’s equation atn − 1 points
between the vertices. We can alternatively keepk fixed and includeH as a variable. We do this, in particular, to te
the accuracy of our method whenk = 0 as discussed later.

For both the smooth case and the 120 degree angle case, we have solved the resulting system of equa
Newton’s method with the partial derivatives in the Jacobian matrix approximated by first order forward diffe
The value ofδ was typically set at 0.02 and the difference increment in the forward differences was taken to be−7.
Newton’s method was continued until equations were solved to machine precision. The anchored points far u
and downstream have been typically placed atx = ±7. Moving them further toward infinity did not make a discerna
effect on the solution.

A good initial guess is required for this procedure to work. Solutions were first obtained near the limiting c
no obstacle and no vortex. For the maximum amplitude wave an initial guess of the form

y = H + 1

2
H−2 exp

(−λ|x|)
proved useful. The 120 degree angle fixesλ, λ = 2H 2/

√
3, and the value ofH = 0.843 computed in [11] give

a starting foothold when there is no vortex and no obstacle. Continuation from previously obtained solut
small increments of the parametersF, k and the heightW of the triangle was used to obtain the solutions descr
below. Rough solutions can be obtained using relatively few discretization points and then refinements ma
interpolation to initialize with more points.

4. Results

We give results for (a) no obstacle, (b) triangular obstacles, (c) a semicircular obstacle, and (d) a repre
more general polygonal obstacle. We have carried out an investigation of the parameter range for which
exist in the first two cases.

4.1. No obstacle

When there is no obstacle, a solution can be viewed as a traveling solitary wave with a vortex moving in equ
with the wave. In dimensionless variables the wave speedU = 1/H , where the heightH at infinity is determined by
the Froude number according to ( 3). A typical flow is shown in Fig. 2.

Fig. 3 shows the range of the parametersk and F for which solutions have been found. As discussed in
Introduction, there are two families of solutions. Two representative sequences of wave profiles with fixedF and
varyingk are given in Figs. 4 and 5. In the first caseF � FS , the Froude number of the classic Stokes wave, and t

Fig. 2. A flow withF = 2.828(H = 0.5) andk = 8.77. Streamlines are dashed.
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Fig. 3. Range of the parametersk andF for which there are solutions whenW = 0. The solid curve gives the maximal circulationKF for which
there is a solution with Froude numberF . Between the two curves there are two solutions; below the dashed curve only one. For param
the dashed curve there is a maximum amplitude solution with a 120 degree angle singularity. The dashed curve meets the axis atFS = 1.291, the
Froude number of the classic Stokes wave.

Fig. 4. A sequence of wave profiles whenF = 1.276 (H = 0.85). From bottom to top the values ofk are 0, 1,KF = 1.57, 1 and 0 (the Russe
wave). The location of the point vortex with maximum circulation is indicated. The vertical segment from this point to the base is the
possible vortex locations.

Fig. 5. A sequence of wave profiles whenF = 2.828 (H = 0.5). The solution with maximum circulationKF = 8.77 is highlighted. The circulation
of the Stokes solution is̃KF = 8.50. The location of the point vortex with maximum circulation is indicated.

are two solutions for allk, 0 < k � KF . In the second caseF is considerably larger thanFS and the upper family o
solutions exists for only a small range ofk.

It is apparent from Fig. 4 that variations in amplitude are not uniform with respect to variations ink. Fig. 6 shows
the relative amplitudeτ of the free surfaces versusk for the two values ofF considered in Figs. 4 and 5 as well
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Fig. 6. Relative amplitudeτ versusk. The Froude numberF is constant on each solid curve. Values ofF from left to right are 1.276, 1.540, 2.15
and 2.828. The dashed curve gives the relative amplitude of the Stokes solutions as a function ofk, with *’s indicating the Stokes solution for th
given values ofF . The position of the terminal point on the computed solid curves relative to the * for the corresponding Stokes solution i
that among flows with a fixed vortex circulation, there is a solution with amplitude slightly less than that of the Stokes solution, but with
Froude number. For free-surface flows without vortex this phenomenon was observed by Longuet-Higgins and Fenton [5].

for two other values ofF . If the amplitudea is defined as the vertical distance from the maximum point onΓ to the
horizontal axis, thenτ is defined by

τ = a

H
− 1

whereH , the height at infinity, is constant for constantF by (3). For anyF , in the lower family of solutions the
amplitude of the wave increases with increasingk, while in the upper family the amplitude of the wave decreases
increasingk.

We have found that the family of upper solutions can be continued from the solid curve to just below the
curve in Fig. 3. This indicates that among the upper solutions withk fixed, the Stokes wave does not have the m
imum Froude number, or velocity at infinity, as can also be seen in Fig. 6. This aspect of the behavior of
waves when there is no vortex is discussed in [5] and [4]. Although we have found this observation to hold
tently when doing continuations, it should be noted that the difference in the Froude numbers between the m
amplitude solution (Stokes solution) and the maximum velocity solution (maximal among upper solutionsk
fixed) is of roughly the same magnitude as the expected accuracy of our solutions. There should apparently
small third family of solutions (assuming continuity of the family of solutions with respect to the parameters
approaching the Stokes solutions), however we have not been able to conclusively distinguish solutions in su
family.

Fig. 6 indicates that in determining solutions with nearly maximal circulation by continuation from nearby
tions, k is not an appropriate parameter. We were not able to continue from the lower family of solutions t
the maximum circulation solution to the upper family usingk as the continuation parameter. However, we can u
variation of our usual routine whereby we fix the amplitudea and considerk as one of the variables. The amplitude
a satisfactory continuation parameter for going between the upper and lower families.
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4.2. Triangular obstacles

When the triangular obstacle is present we have found stationary vortices both directly above the obst
behind the obstacle, but consider only the latter in our discussion. For those above the obstacle the results a
but the range of possible circulation values is smaller for givenF and obstacle heightW . When there is no vortex
flows were computed in [7]. For any givenW there is a Froude numberFW > 1 below which there is no flow, th
value ofFW increasing as the heightW of the triangle increases. The results we obtain when there is an obsta
very similar to those given above for a flat channel floor except that the parameter range shrinks asW increases. Fig. 7
shows the parameter range forW = 0.4, and Figs. 8 and 9 give sequences of wave profiles similar to those pre
when there is no obstacle.

For a fixed Froude number there is a maximum triangle heightW for which solutions exist. Fig. 10 shows th
range of the parametersk andW for which solutions exist whenF = 2.1517 (H = 0.6). As the maximum value ofW
is approached the maximum circulation decreases rapidly. Fig. 11 shows streamline plots of the maximal ci
flows at this Froude number for various triangles. The amplitudes of the free surfaces in Fig. 11 are nearly i
The shapes of the waves vary somewhat, depending on the relative sizes of the obstacle and vortex. It is note
Stokes waves with fixedF all have the same amplitude by (9).

Fig. 7. ForW = 0.4 there are no solutions forF < 1.372. There is a Stokes solutions for eachF � 1.456. Between the two curves there is both
upper and lower solution. The curves in this figure asymptotically approach their counterparts in Fig. 3.

Fig. 8. A sequence of wave profiles whenF = 1.45 andW = 0.4. The solution with maximum circulationKF = 1.335 is highlighted. The
maximum amplitude solution is smooth at its peak. This Froude number is slightly less than the value where Stokes solutions exist. The e
of point vortex locations for thisF is shown.
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Fig. 9. A sequence of wave profiles whenF = 2.828 andW = 0.4. Circulations for the waves shown are 1.2,2.4,3.6,4.8,6.0,7.2,8.1,8.5,8.58
(maximum circulation), 8.5 and 8.43 (the Stokes solution.) Ordinates of the vortex locations increase with amplitude. Likewise for the ab
except the abscissa for the Stokes solution is 0.018 units to the left of that for the next highest solution. (The vortex locations for these two h
amplitude solutions are not clearly distinguishable on the graph.)

Fig. 10. WithH = 0.6 (F = 2.1517) there are no solutions forW > 1.0284. There is no Stokes solution forW > 1.0173. Between the two curve
there is both an upper and a lower solution.

All of the free surface waves presented so far have a single peak. However, that is not necessarily the case,
shows. The Froude number is quite large in this example and the circulation is far from maximal. All solutio
have found that are near maximal have a more standard solitary wave profile. As noted in the introduction, fo
numbers above about 4.5 the maximal solutions become extremely steep. Fig. 13 shows one computed exa

4.3. Semicircular obstacle

To compute solutions when there is a semicircular obstacle, we have made use of the Joukowski transf
J (w) = w+ r2/w which maps the exterior of a semicircle of radiusr in the upper half plane onto the entire upper h
plane. The conformal map is thenf = J−1 ◦ f1 wheref1 is a Schwarz–Christoffel map as before where the im
base is the entire real axis. Except for the necessary modification tof ′′(ζ )/f ′(ζ ) in Eq. (7), all details of the numerica
method are the same as before. Fig. 14 shows a sequence of wave profiles for flow past a semicircle of radiu.4 and
a streamline plot for the maximum circulation flow is given in Fig. 15.
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Fig. 11. Maximum circulation flows for fixed Froude number, various obstacle heights. The value ofF is 2.1517 (H = 0.6).

Fig. 12. A free surface with two maxima. The parameters areF = 8, W = 0.9 andk = 12.4.

Fig. 13. The maximum amplitude flow withF = 4.54,W = 0.8, k = 18.8.

4.4. Other polygonal obstacles

Our method using SCTOOLBOX works for general polygonal obstacles. For such obstacles there may b
families of vortices, depending on the shape of the obstacle. For the step-shaped obstacle shown in Fig. 16
four families of vortices for a given Froude number. Each of these families can be continued to a distinct
solution. The maximum circulation for each of the families is different, however the amplitudes of these ma
circulation solutions are nearly the same, as can be seen in Fig. 16. As noted earlier, the amplitude of th
solutions depends only of the Froude number.
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Fig. 14. A sequence of wave profiles for flow past a semicircle of radiusr = 0.4 whenH = 0.6 (F = 2.1517). Circulations for the waves show
are 1.0,2.0,2.8,3.6,4.4,4.9,5.09 (maximum circulation), 4.9 and 4.84 (the Stokes solution). The vortex locations for the three highest ampl
solutions are not clearly distinguishable on the graph.

Fig. 15. Streamline plot for the maximum circulation solution for flow past a semicircle of radiusr = 0.4 with F = 2.1517.

Fig. 16. There are four families of vortices for flow past this obstacle. The width of the obstacle is 1.2 and the height is 0.6. The value ofF is
2.1517, the same as in Fig. 11. The maximum circulation solution for each of the four families is shown. The respective maximum c
values arek = 4.5, k = 3.0, k = 3.81, andk = 4.28.

5. Accuracy

Previously computed values of the Froude number for the classic Stokes wave provide a benchmark to
the accuracy of our method. For waves with a 120 degree singularity, our solution method depends on the lo
the points between the vertices where Bernoulli’s equation is imposed. Depending on the choice of those po
n = 24 (heren is the number of variables for a symmetric problem so there are 2n− 1 vertices on the upper polygon
free surface) our determination ofF varies by±1% from the value of 1.2909 given in [11]. Withn = 45 this improves
to a maximum deviation of±0.5%. The best value, in which the error is less than±0.1%, happened to be obtained
positioning points for evaluating Bernoulli’s equation at the golden mean between the midpoint of an edge an
the vertices. We have used this positioning in our computations of other Stokes waves.

For any values of the parametersF, k andW , we can check the consistency of the computations asn is increased
(We now consider the non-symmetric case, and the number of variables equals the number of vertices on
channel.) We compare the computed values of the amplitudea between solutions obtained with differentn. For
illustration, we consider two cases in both of whichF = 2.15. The first, which can be considered typical, hask = 4.
The second is more difficult in that the solution is near the maximal circulationk = 5.22 and the free surface is steep
In the first case the difference between the value ofa with n = 33 and the value withn = 53 is less than 0.5%; with
n = 43 andn = 53 the difference is less than 0.2%. In the second case the difference between the value withn = 33
and the value withn = 57 is about 10%; withn = 51 andn = 57 the difference is about 1%. The number of poi
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needed for a certain level of accuracy becomes greater as the free surfaces become steeper. For some o
amplitude solutions errors in the 2 to 3 percent range would not be unexpected.

6. Conclusions

We have computed solitary waves in water of finite depth, with and without an obstacle on the bottom, when
vortex is in equilibrium with the flow. In the case of triangular obstacles we have done a parametric study rela
Froude number, vortex circulation and the obstacle height. The flows have been computed in the physical pla
a conformal mapping method for solving the related potential flow problem. The conformal map has been o
using a variant of the Schwarz–Christoffel transformation implemented using Driscoll’s SCTOOLBOX. The
have been obtained up to a maximum amplitude for the wave where there is a stagnation point with a 120 deg
at the peak. The flows we have studied are a first step in a program of finding equilibrium free surface flo
vorticity. For flows with constant vorticity throughout the flow this has been studied in [14–18], and [19]. We p
use the point vortex flows found here as starting points for finding vortex patches in free surface flows as in [
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